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Abstract
In the present paper, we propose to prove some properties and estimates of the
integral remainder in the generalized Taylor formula associated to the Dunkl operator
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1 Introduction
On the real line, the Dunkl operator is a differential-difference operator introduced in
1989, by C. Dunkl in [6] and is denoted by Λα where α is a real parameter > −12 . The
operator Λα plays a major role in the study of quantum harmonic oscillators governed by
Wigner’s commutation rules (see [12]). This operator is associated with the reflexion group
Z2 on R and is given by
Λα(f)(x) =
df
dx
(x) +
2α+ 1
x
[f(x)− f(−x)
2
]
, f ∈ C1(R).
The Dunkl kernel Eα related to Λα is used to define the Dunkl transform Fα which enjoys
properties similar to those of the classical Fourier transform. The Dunkl kernel Eα satisfies
a product formula (see [13]). This allows us to define the Dunkl translation τx, x ∈ R. As a
result, we have the Dunkl convolution ∗α (see next section).
∗This work was completed with the support of the DGRST research project LR11ES11, University
of Tunis El Manar.
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The classical Taylor formula with integral remainder was extended to the one dimensional
Dunkl operator Λα in [10]. For k = 1, 2, ..., f ∈ E(R) and a ∈ R, we have
τx(f)(a) =
k−1∑
p=0
bp(x)Λ
p
αf(a) +Rk(x, f)(a), x ∈ R\{0},
with Rk(x, f)(a) is the integral remainder of order k given by
Rk(x, f)(a) =
∫ |x|
−|x|
Θk−1(x, y)τy(Λ
k
αf)(a)Aα(y)dy,
where E(R) is the space of infinitely differentiable functions on R and (Θp)p∈N, (bp)p∈N are
two sequences of functions constructed inductively from the function Aα defined on R by
Aα(x) = |x|2α+1 (see next section).
Our aim in this paper is to describe the Besov-Dunkl spaces for which the integral re-
mainder in the generalized Taylor formula has a given order.
Let 0 < β < 1, 1 ≤ p < +∞, 1 ≤ q ≤ +∞ and k a positive integer (k = 1, 2, ...). We
denote by Lp(µα) the space of complex-valued functions f , measurable on R such that
‖f‖p,α =
(∫
R
|f(x)|pdµα(x)
)1/p
< +∞,
where µα is a weighted Lebesgue measure associated with the Dunkl operator (see next
section). There are many ways to define the Besov spaces (see [7, 11]) and the Besov-Dunkl
spaces (see [1, 2, 3]):
• The Besov-Dunkl space of order k denoted by BkDβ,αp,q is the subspace of functions f in
E(R) ∩ Lp(µα) such that Λk−1α (f) ∈ Lp(µα) and satisfying∫ +∞
0
(ωkp,α(x, f)
xβ+k−1
)q dx
x
< +∞ if q < +∞
and sup
x>0
ωkp,α(x, f)
xβ+k−1
< +∞ if q = +∞,
with ωkp,α(x, f) = sup
|y|≤x
‖Rk−1(y, f)− bk−1(y)Λk−1α f‖p,α, where we put for k = 1, Λ0αf = f and
R0(x, f) = τx(f).
• Put Dkp,α the subspace of functions f in E(R) ∩ Lp(µα) such that Λkα(f) ∈ Lp(µα). We
consider the subspace KkDβ,αp,q of functions f ∈ Dk−1p,α +Dkp,α satisfying∫ +∞
0
(Kkp,α(x, f)
xβ
)q dx
x
< +∞ if q < +∞
and sup
x>0
Kkp,α(x, f)
xβ
< +∞ if q = +∞,
where Kkp,α is the Peetre K-functional given by
Kkp,α(x, f) = inf
f=f0+f1
{
‖Λk−1α (f0)‖p,α + x‖Λkα(f1)‖p,α, f0 ∈ Dk−1p,α , f1 ∈ Dkp,α
}
.
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• B˜kDβ,αp,q denote the subspace of functions f in E(R) ∩ Lp(µα) such that Λk−1α (f) ∈ Lp(µα)
and satisfying ∫ +∞
0
( ω˜kp,α(x, f)
xβ+k−1
)q dx
x
< +∞ if q < +∞
and sup
x>0
ω˜kp,α(x, f)
xβ+k−1
< +∞ if q = +∞,
with ω˜kp,α(x, f) =
∥∥Rk−1(x, f) +Rk−1(−x, f)− (bk−1(x) + bk−1(−x))Λk−1α f∥∥p,α, where we put
for k = 1, Λ0αf = f , R0(x, f) = τx(f) and R0(−x, f) = τ−x(f).
• Let φ ∈ S∗(R) such that
∫ +∞
0
x2iφ(x)dµα(x) = 0, for all i ∈ {0, 1, ..., [k−12 ]} where S∗(R)
is the space of even Schwartz functions on R (see Example 4.2, section 4). We shall denote
by Ck,β,αp,q the subspace of functions f in E(R) such that Λ2iα (f) ∈ Lp(µα), 0 ≤ i ≤ [k−12 ] and
satisfying ∫ +∞
0
(‖f ∗α φt‖p,α
tβ+k−1
)q
dt
t
< +∞ if q < +∞
and sup
t>0
‖f ∗α φt‖p,α
tβ+k−1
< +∞ if q = +∞,
where φt is the dilation of φ given by φt(x) =
1
t2(α+1)
φ(x
t
), for all t ∈ (0,+∞) and x ∈ R.
In this paper, we give some properties and estimates of the integral remainder of order k
and we establish that
BkDβ,αp,q = KkDβ,αp,q ; B˜kDβ,αp,q = Ck,β,αp,q .
Note that we have BkDβ,αp,q ⊂ B˜kDβ,αp,q (see section 4).
The results obtained in this paper are an extension to the Dunkl theory on the real line
of those obtained in [5, 8]. More precisely, in [5], the authors showed in the classical case and
for k = 1 that B˜kDβ,αp,q = Ck,β,αp,q .
The contents of this paper are as follows.
In section 2, we collect some basic definitions and results about harmonic analysis associated
with the Dunkl operator Λα.
In section 3, we prove some properties and estimates of the integral remainder of order k.
Finally, we establish in the section 4, the coincidence between the different characterizations
of the Besov-Dunkl spaces.
Along this paper, we use c to represent a suitable positive constant which is not necessarily
the same in each occurrence.
2 Preliminaries
In this section, we recall some notations and results in Dunkl theory on R and we refer for
more details to [4, 6, 13].
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For λ ∈ C, the initial problem
Λα(f)(x) = λf(x), f(0) = 1, x ∈ R,
has a unique solution Eα(λ.) called Dunkl kernel given by
Eα(λx) = jα(iλx) +
λx
2(α+ 1)
jα+1(iλx), x ∈ R,
where jα is the normalized Bessel function of the first kind and order α, defined by
jα(λx) =
{
2αΓ(α + 1) Jα(λx)
(λx)α
if λx 6= 0
1 if λx = 0,
here Jα is the Bessel function of first kind and order α.
We have for all x ∈ R, the function λ→ jα(λx) is even on R
and
|Eα(−iλx)| ≤ 1.
Let Aα the function defined on R by
Aα(x) = |x|2α+1, x ∈ R,
and µα the weighted Lebesgue measure on R given by
dµα(x) =
Aα(x)
2α+1Γ(α + 1)
dx. (2.1)
For every 1 ≤ p ≤ +∞, we denote by Lp(µα) the space of complex-valued functions f ,
measurable on R such that
‖f‖p,α =
(∫
R
|f(x)|pdµα(x)
)1/p
< +∞, if p < +∞,
and
‖f‖∞ = ess sup
x∈R
|f(x)| < +∞.
There exists an analogue of the classical Fourier transform with respect to the Dunkl kernel
called the Dunkl transform and denoted by Fα. The Dunkl transform enjoys properties
similar to those of the classical Fourier transform and is defined for f ∈ L1(µα) by
Fα(f)(x) =
∫
R
f(y)Eα(−ixy) dµα(y), x ∈ R.
For all x, y, z ∈ R, we consider
Wα(x, y, z) =
(Γ(α+ 1)2)
2α−1
√
piΓ(α + 1
2
)
(1− bx,y,z + bz,x,y + bz,y,x)∆α(x, y, z)
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where
bx,y,z =
{
x2+y2−z2
2xy
if x, y ∈ R\{0}, z ∈ R
0 otherwise
and
∆α(x, y, z) =
{
([(|x|+|y|)2−z2][z2−(|x|−|y|)2])α−
1
2
|xyz|2α
if |z| ∈ Sx,y
0 otherwise
where
Sx,y =
[
||x| − |y|| , |x|+ |y|
]
.
The kernel Wα, is even and we have
Wα(x, , y, z) = Wα(y, x, z) = Wα(−x, z, y) = Wα(−z, y,−x)
and ∫
R
|Wα(x, y, z)|dµα(z) ≤
√
2.
The Dunkl kernel Eα satisfies the following product formula
Eα(ixt)Eα(iyt) =
∫
R
Eα(itz)dγx,y(z), x, y, t ∈ R,
where γx,y is a signed measure on R given by
dγx,y(z) =

Wα(x, y, z)dµα(z) if x, y ∈ R\{0}
dδx(z) if y = 0
dδy(z) if x = 0.
(2.2)
with suppγx,y = Sx,y ∪ (−Sx,y).
For x, y ∈ R and f a continuous function on R, the Dunkl translation operator τx given by
τx(f)(y) =
∫
R
f(z)dγx,y(z)
satisfies the following properties :
• τx is a continuous linear operator from E(R) into itself.
• For all f ∈ E(R), we have
τx(f)(y) = τy(f)(x) and τ0(f)(x) = f(x) (2.3)
τx o τy = τy o τx and Λα o τx = τx oΛα. (2.4)
• For all x ∈ R, the operator τx extends to Lp(µα), p ≥ 1 and we have for f ∈ Lp(µα)
‖τx(f)‖p,α ≤
√
2‖f‖p,α. (2.5)
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The Dunkl convolution f ∗αg of two continuous functions f and g on R with compact support,
is defined by
(f ∗α g)(x) =
∫
R
τx(f)(−y)g(y)dµα(y), x ∈ R.
The convolution ∗α is associative and commutative and satisfies the following property:
• Assume that p, q, r ∈ [1,+∞[ satisfying 1
p
+ 1
q
= 1 + 1
r
(the Young condition). Then
the map (f, g)→ f ∗α g defined on Cc(R)×Cc(R), extends to a continuous map from
Lp(µα)× Lq(µα) to Lr(µα) and we have
‖f ∗α g‖r,α ≤
√
2‖f‖p,α‖g‖q,α. (2.6)
• For all f ∈ L1(µα), g ∈ L2(µα) and h ∈ Lp(µα), 1 ≤ p < +∞, we have
Fα(f ∗α g) = Fα(f)Fα(g) and τt(f ∗α h) = τt(f) ∗α h = f ∗α τt(h), t ∈ R. (2.7)
It has been shown in [10], the following generalized Taylor formula with integral remainder:
Proposition 2.1 For k = 1, 2, ..., f ∈ E(R) and a ∈ R, we have
τxf(a) =
k−1∑
p=0
bp(x)Λ
p
αf(a) +Rk(x, f)(a), x ∈ R\{0}, (2.8)
with Rk(x, f)(a) is the integral remainder of order k given by
Rk(x, f)(a) =
∫ |x|
−|x|
Θk−1(x, y)τy(Λ
k
αf)(a)Aα(y)dy, (2.9)
where
i) b2m(x) =
1
(α + 1)mm !
(x
2
)2m
, b2m+1(x) =
1
(α+ 1)m+1m !
(x
2
)2m+1
, for all m ∈ N.
ii) Θk−1(x, y) = uk−1(x, y) + vk−1(x, y) with u0(x, y) =
sgn(x)
2Aα(x)
, v0(x, y) =
sgn(y)
2Aα(y)
,
and uk(x, y) =
∫ |x|
|y|
vk−1(x, z)dz , vk(x, y) =
sgn(y)
Aα(y)
∫ |x|
|y|
uk−1(x, z)Aα(z)dz.
According to ([15], Lemma 2.2), the Dunkl operator Λα have the following regularity prop-
erties:
Λα leaves C∞c (R) and the Schwartz space S(R) invariant. (2.10)
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3 Some properties of the integral remainder of order k
In this section, we prove some properties and estimates of the integral remainder in the
generalized Taylor formula.
Remark 3.1 Let k = 1, 2, ..., f ∈ E(R) and x ∈ R\{0}.
1. From Proposition 2.1, we have
Rk(x, f) = τx(f)− f − b1(x)Λαf...− bk−1(x)Λk−1α f
= Rk−1(x, f)− bk−1(x)Λk−1α f, (3.1)
where we put for k = 1, R0(x, f) = τx(f). Observe that
R1(x, f) = R0(x, f)− b0(x)Λ0αf = τx(f)− f.
2. According to ([10], p.352) and Proposition 2.1, i), we have∫ |x|
−|x|
|Θk−1(x, y)|Aα(y)dy ≤ bk(|x|) + |x|bk−1(|x|)
≤ c |x|k. (3.2)
3. Note that the function y 7−→ τy(f) − f is continuous on R (see [9], Lemma 1, (ii)),
which implies that the same is true for the function y 7−→ Rk(y, f).
Lemma 3.1 Let k = 1, 2, ..., and f ∈ E(R) such that Λk−1α f ∈ Lp(µα). Then we have
‖Rk−1(x, f)‖p,α ≤ c |x|k−1‖Λk−1α f‖p,α, x ∈ R\{0}. (3.3)
Proof. Let k = 1, 2, ..., f ∈ E(R) such that Λk−1α f ∈ Lp(µα) and x ∈ R\{0}. For k = 1, by
(2.5), it’s clear that ‖R0(x, f) = τx(f)‖p,α ≤ c ‖f‖p,α. Using the Minkowski’s inequality for
integrals, (2.5) and (2.9), we have for k ≥ 2
‖Rk−1(x, f)‖p,α ≤
∫ |x|
−|x|
|Θk−2(x, y)| ‖τy(Λk−1α f)‖p,αAα(y)dy
≤ c ‖Λk−1α f‖p,α
∫ |x|
−|x|
|Θk−2(x, y)|Aα(y)dy.
Using (3.2), we deduce our result.
Remark 3.2 Let k = 1, 2, ..., f ∈ E(R) such that Λk−1α f ∈ Lp(µα) and x ∈ R\{0}. Then we
have by (3.1), (3.3) and Proposition 2.1, i),
‖Rk(x, f)‖p,α = ‖Rk−1(x, f) + bk−1(x)Λk−1α f‖p,α
≤ ‖Rk−1(x, f)‖p,α + ‖bk−1(x)Λk−1α f‖p,α
≤ c |x|k−1‖Λk−1α f‖p,α. (3.4)
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Lemma 3.2 For x ∈ R\{0} and p ∈ N, we have∫ |x|
−|x|
Θ0(x, y)bp(y)Aα(y)dy = bp+1(y). (3.5)
Proof. Let x ∈ R\{0}. Using Proposition 2.1, we have
• If p = 2m, m ∈ N,∫ |x|
−|x|
Θ0(x, y)b2m(y)Aα(y)dy =
∫ |x|
−|x|
u0(x, y)b2m(y)Aα(y)dy +
∫ |x|
−|x|
v0(x, y)b2m(y)Aα(y)dy
=
∫ |x|
−|x|
sgn(x)|y|2α+1
2|x|2α+1 b2m(y)dy +
∫ |x|
−|x|
sgn(y)
2
b2m(y)dy
=
x
22m|x|2α+2(α + 1)mm !
∫ |x|
0
y2α+2m+1dy
=
x
22m(α + 1)mm !
|x|2m
2(α +m+ 1)
= b2m+1(x).
• If p = 2m+ 1, m ∈ N, we get∫ |x|
−|x|
Θ0(x, y)b2m+1(y)Aα(y)dy =
∫ |x|
−|x|
u0(x, y)b2m+1(y)Aα(y)dy +
∫ |x|
−|x|
v0(x, y)b2m+1(y)Aα(y)dy
=
∫ |x|
−|x|
sgn(x)|y|2α+1
2|x|2α+1 b2m+1(y)dy +
∫ |x|
−|x|
sgn(y)
2
b2m+1(y)dy
=
1
22m+1(α + 1)m+1m !
∫ |x|
0
y2m+1dy
=
1
22m+1(α + 1)m+1m !
|x|2m+2
2(m+ 1)
= b2m+2(x).
Our Lemma is proved.
Lemma 3.3 Let k = 1, 2, ..., f ∈ E(R), x ∈ R\{0} and a ∈ R. Then we have,
Rk(x, f)(a) =
∫ |x|
−|x|
Θ0(x, y)Rk−1(y,Λαf)(a)Aα(y)dy. (3.6)
Proof. Let k = 1, 2, ..., f ∈ E(R), x ∈ R\{0} and a ∈ R.
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• We have from (2.8), (2.9) and the fact that R0(y,Λαf)(a) = τy(Λαf)
R1(x, f)(a) = (τx(f)− f)(a) =
∫ |x|
−|x|
Θ0(x, y)τy(Λαf)(a)Aα(y)dy,
hence the property (3.6) is true for k = 1.
• Suppose that
Rk(x, f)(a) =
∫ |x|
−|x|
Θ0(x, y)Rk−1(y,Λαf)(a)Aα(y)dy,
then by (3.1) and (3.5) again, we get∫ |x|
−|x|
Θ0(x, y)Rk(y,Λαf)(a)Aα(y)dy =
∫ |x|
−|x|
Θ0(x, y)[Rk−1(y,Λαf)− bk−1(y)Λkαf ](a)Aα(y)dy
=
∫ |x|
−|x|
Θ0(x, y)Rk−1(y,Λαf)(a)Aα(y)dy
−
∫ |x|
−|x|
Θ0(x, y)bk−1(y)Λ
k
αf(a)Aα(y)dy
= Rk(x, f)(a)− Λkαf(a)
∫ |x|
−|x|
Θ0(x, y)bk−1(y)Aα(y)dy
= Rk(x, f)(a)− bk(x)Λkαf(a)
= Rk+1(x, f)(a).
Hence by induction, we deduce our result.
Lemma 3.4 Let k = 1, 2, ..., f ∈ E(R), x ∈ R\{0} and a ∈ R. We denote by
I1(x, f)(a) =
∫ |x|
−|x|
Θ0(x, y)τy(f)(a)Aα(y)dy,
and for k ≥ 2
Ik(x, f)(a) =
∫ |x|
−|x|
Θ0(x, y)Ik−1(y, f)(a)Aα(y)dy.
Then, we have
Λk+1α
(
Ik(x, f)
)
(a) = Λkα
(
Ik(x,Λαf)
)
(a), (3.7)
and ΛkαIk(x, f)(a) = Rk(x, f)(a). (3.8)
Proof. Let k = 1, 2, ..., f ∈ E(R), x ∈ R\{0} and a ∈ R.
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• Using (2.4), we have
Λ2α
(
I1(x, f)
)
(a) =
∫ |x|
−|x|
Θ0(x, y)Λατy(Λαf)(a)Aα(y)dy
= Λα
(
I1(x,Λαf)
)
(a).
Suppose that
Λk+1α
(
Ik(x, f)
)
(a) = Λkα
(
Ik(x,Λαf)
)
(a),
then we have
Λk+2α
(
Ik+1(x, f)
)
(a) =
∫ |x|
−|x|
Θ0(x, y)Λα
(
Λk+1α Ik(y, f)
)
(a)Aα(y)dy
=
∫ |x|
−|x|
Θ0(x, y)Λα
(
ΛkαIk(y,Λαf)
)
(a)Aα(y)dy
= Λk+1α
(
Ik+1(x,Λαf)
)
(a),
hence by induction, we obtain our result.
• From (2.4), (2.9) and (3.6), we can write
Λα
(
I1(x, f)
)
(a) =
∫ |x|
−|x|
Θ0(x, y)Λα(τyf)(a)Aα(y)dy
=
∫ |x|
−|x|
Θ0(x, y)τy(Λαf)(a)Aα(y)dy
= R1(x, f)(a).
Suppose that
Λkα
(
Ik(x, f)
)
(a) = Rk(x, f)(a),
then by (3.6) and (3.7), we have
Λk+1α
(
Ik+1(x, f)
)
(a) =
∫ |x|
−|x|
Θ0(x, y)Λ
k+1
α
(
Ik(y, f)
)
(a)Aα(y)dy
=
∫ |x|
−|x|
Θ0(x, y)Λ
k
α
(
Ik(y,Λαf)
)
(a)Aα(y)dy
=
∫ |x|
−|x|
Θ0(x, y)Rk(y,Λαf)(a)Aα(y)dy
= Rk+1(x, f)(a).
By induction, we deduce our result.
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Remark 3.3 For k = 1, 2, ..., f ∈ E(R) and x ∈ R\{0}, we observe from Proposition 2.1
that
Rk(x, f) +Rk(−x, f) = τx(f) + τ−x(f)−
k−1∑
p=0
(
bp(x) + bp(−x)
)
Λpαf
= τx(f) + τ−x(f)− 2
[ k−1
2
]∑
i=0
b2i(x)Λ
2i
α f. (3.9)
4 Characterizations of Besov-Dunkl spaces of order k
In this section, we establish respectively that BkDβ,αp,q = KkDβ,αp,q and B˜kDβ,αp,q = Ck,β,αp,q .
Before proving these results, we begin with a useful remarks, a proposition containing suffi-
cient conditions and an example.
Remark 4.1 For k = 1, 2, ..., f ∈ E(R) such that Λk−1α (f) ∈ Lp(µα) and x ∈ (0,+∞), we
can assert from (3.1) and (3.4) that
1/ ωkp,α(x, f) = sup
|y|≤x
‖Rk(y, f)‖p,α.
2/ ω˜kp,α(x, f) = ‖Rk(x, f) +Rk(−x, f)‖p,α.
Proposition 4.1 Let 1 ≤ p < +∞, 1 ≤ q ≤ +∞, 0 < β < 1, f ∈ E(R) and k = 1, 2, .... If
Λk−1α (f) and Λ
k
α(f) are in L
p(µα), then f ∈ BkDp,qβ,α.
Proof. Let 1 ≤ p < +∞, 1 ≤ q ≤ +∞, 0 < β < 1 and f ∈ E(R) such that Λk−1α (f), Λkα(f)
are in Lp(µα) for k = 1, 2, .... By (3.3) and (3.4), we obtain for x ∈ (0,+∞)
ωkp,α(x, f) ≤ c xk‖Λkαf‖p,α and ωkp,α(x, f) ≤ c xk−1‖Λk−1α f‖p,α.
Then we can write,∫ +∞
0
(ωkp,α(x, f)
xβ+k−1
)q dx
x
≤ c
∫ 1
0
(‖Λkαf‖p,α
xβ−1
)q dx
x
+ c
∫ +∞
1
(‖Λk−1α f‖p,α
xβ
)q dx
x
< +∞.
Here when q = +∞, we make the usual modification.
Example 4.1 From (2.10) and Proposition 4.1, we can assert that the spaces C∞c (R) and
S(R) are included in BkDp,qβ,α.
Remark 4.2 By the fact that ω˜kp,α(x, f) ≤ 2ωkp,α(x, f), we have clearly BkDβ,αp,q ⊂ B˜kDβ,αp,q .
Observe that for k = 1, we have
ωkp,α(x, f) = sup
|y|≤x
‖τy(f)− f‖p,α and ω˜kp,α(x, f) = ‖τx(f) + τ−x(f)− 2f‖p,α.
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Theorem 4.1 Let 0 < β < 1, k = 1, 2, ..., 1 ≤ p < +∞ and 1 ≤ q ≤ +∞, then
BkDβ,αp,q = KkDβ,αp,q .
Proof. We start with the proof of the inclusion KkDβ,αp,q ⊂ BkDβ,αp,q . For f ∈ KkDβ,αp,q ,
f = f0 + f1, f0 ∈ Dk−1p,α and f1 ∈ Dkp,α, we have by (3.3)
ωkp,α(x, f1) = sup
|y|≤x
‖Rk(y, f1)‖p,α
≤ c xk‖Λkαf1‖p,α, x ∈ (0,+∞). (4.1)
Using (3.4), we obtain
ωkp,α(x, f0) ≤ sup
|y|≤x
‖Rk−1(y, f0)‖p,α + sup
|y|≤x
‖bk−1(y)Λk−1α f0‖p,α
≤ c xk−1‖Λk−1α f0‖p,α, x ∈ (0,+∞). (4.2)
Hence by (4.1) et (4.2), we deduce that
ωkp,α(x, f) ≤ c xk−1Kkp,α(x, f),
then, f ∈ BkDβ,αp,q .
Let prove now the inclusion BkDβ,αp,q ⊂ KkDβ,αp,q . For f ∈ BkDβ,αp,q , we take for x ∈ (0,+∞)
f1 =
1
bk(x)
Ik(x, f).
Using (3.8), we obtain
x‖Λkαf1‖p,α ≤ x |bk(x)|−1ωkp,α(x, f)
≤ c ω
k
p,α(x, f)
xk−1
. (4.3)
On the other hand, put f0 = f − f1, we can write using (3.5)
f0 = − 1
bk(x)
∫ x
−x
Θ0(x, y)
(
Ik−1(y, f)− bk−1(y)f
)
Aα(y)dy.
From (3.1) and (3.8), we obtain
Λk−1α f0 = −
1
bk(x)
∫ x
−x
Θ0(x, y)Rk(y, f)Aα(y)dy.
By Minkowski’s inequality for integrals and (3.2), we get
‖Λk−1α f0‖p,α ≤ |bk(x)|−1
∫ x
−x
|Θ0(x, y)| ‖Rk(y, f)‖p,αAα(y)dy
≤ c x−kωkp,α(x, f)
∫ x
−x
|Θ0(x, y)| Aα(y)dy
≤ c ω
k
p,α(x, f)
xk−1
. (4.4)
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By (4.3) et (4.4), we deduce that
Kkp,α(x, f) ≤ c
ωkp,α(x, f)
xk−1
,
then, f ∈ KkDβ,αp,q . Our theorem is proved.
In order to establish that B˜kDβ,αp,q = Ck,β,αp,q , we need to prove some useful lemmas.
Lemma 4.1 Let k = 1, 2, ..., 1 ≤ p < +∞, φ ∈ S∗(R) such that
∫ +∞
0
x2iφ(x)dµα(x) = 0,
for all i ∈ {0, 1, ..., [k−1
2
]} and r > 0, then there exists a constant c > 0 such that for all
f ∈ E(R) ∩ Lp(µα) satisfying Λk−1α f ∈ Lp(µα) and t > 0, we have
‖φt ∗α f‖p,α ≤ c
∫ +∞
0
min
{(x
t
)2(α+1)
,
( t
x
)r}
‖Rk(x, f) +Rk(−x, f)‖p,αdx
x
. (4.5)
Proof. Let t > 0, we have for i ∈ {0, 1, ..., [k−1
2
]},∫ +∞
0
x2iφ(x)dµα(x) = 0 =⇒
∫ +∞
0
x2iφt(x)dµα(x) = 0, (4.6)
and
(φt ∗α f)(y) =
∫
R
φt(x)τy(f)(−x)dµα(x)
=
∫
R
φt(x)τy(f)(x)dµα(x).
Then using (2.3), (3.9), (4.6) and Proposition 2.1, we can write for y ∈ R
2(φt ∗α f)(y) =
∫
R
φt(x)
(
τy(f)(x) + τy(f)(−x)− 2
[ k−1
2
]∑
i=0
b2i(x)Λ
2i
α f(y)
)
dµα(x)
= 2
∫ +∞
0
φt(x)
(
τx(f)(y) + τ−x(f)(y)− 2
[ k−1
2
]∑
i=0
b2i(x)Λ
2i
α f(y)
)
dµα(x)
= 2
∫ +∞
0
φt(x)
(
Rk(x, f)(y) +Rk(−x, f)(y)
)
dµα(x).
By Minkowski’s inequality for integrals, we obtain
‖φt ∗α f‖p,α ≤
∫ +∞
0
|φt(x)| ‖Rk(x, f) +Rk(−x, f)‖p,αdµα(x)
≤ c
∫ +∞
0
(x
t
)2(α+1)∣∣∣φ(x
t
)∣∣∣ ‖Rk(x, f) +Rk(−x, f)‖p,αdx
x
(4.7)
≤ c
∫ +∞
0
(x
t
)2(α+1)
‖Rk(x, f) +Rk(−x, f)‖p,αdx
x
. (4.8)
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On the other hand, since φ ∈ S∗(R), then from (4.7) and for r > 0 there exists a constant c
such that
‖φt ∗α f‖p,α ≤ c
∫ +∞
0
( t
x
)r
‖Rk(x, f) +Rk(−x, f)‖p,αdx
x
. (4.9)
Using (4.8) and (4.9), we deduce our result.
Example 4.2 According to ([14], Example 3.3,(2)), the generalized Hermite polynomials on
R, denoted by H
α+ 1
2
n , n ∈ N are orthogonal with respect to the measure e−x2dµα(x) and can
be written as
H
α+ 1
2
2n (x) = (−1)n22nn!Lαn(x2) and Hα+
1
2
2n+1(x) = (−1)n22n+1n! xLα+1n (x2),
where the Lαn are the Laguerre polynomials of index α ≥ −12 , given by
Lαn(x) =
1
n!
x−α ex
dn
dxn
(
xn+αe−x
)
.
For k = 1, 2, ..., fix any positive integer n0 > [
k−1
2
] and take for example the function
defined on R by φ(x) = H
α+ 1
2
2n0
(x) e−x
2
. Put Pi(x) = x
2i for i ∈ {0, 1, ..., [k−1
2
]}, since
Pi ∈ spanR {Hα+
1
2
p , p = 0, 1, ..., 2[
k−1
2
]}, then we can assert that φ ∈ S∗(R) and satisfy∫ +∞
0
x2i φ(x) dµα(x) = 0.
Lemma 4.2 Let k = 1, 2, ..., 1 < p < +∞ and φ ∈ S∗(R) such that
∫ +∞
0
x2iφ(x)dµα(x) = 0,
for all i ∈ {0, 1, ..., [k−1
2
]}, then there exists a constant c > 0 such that for all f ∈ E(R)
satisfying Λ2iα f ∈ Lp(µα), 0 ≤ i ≤ [k−12 ] and x > 0, we have
‖Rk(x, f) +Rk(−x, f)‖p,α ≤ c
∫ +∞
0
min
{(x
t
)k−1
,
(x
t
)k}
‖φt ∗α f‖p,αdt
t
. (4.10)
Proof. Put for 0 < ε < δ < +∞
fε,δ(y) =
∫ δ
ε
(φt ∗α φt ∗α f)(y)dt
t
, y ∈ R.
Then for i ∈ N, we have
Λ2iα fε,δ(y) =
∫ δ
ε
(Λ2iα φt ∗α φt ∗α f)(y)
dt
t
, y ∈ R.
From the integral representation of τx, we obtain by interchanging the orders of integration
and (2.7),
τx(fε,δ)(y) =
∫ δ
ε
τx(φt ∗α φt ∗α f)(y)dt
t
=
∫ δ
ε
(τx(φt) ∗α φt ∗α f)(y)dt
t
, y ∈ R, x ∈ (0,+∞),
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so we can write for x ∈ (0,+∞) and y ∈ R,
(Rk(x, fε,δ) +Rk(−x, fε,δ))(y) =
∫ δ
ε
[(
τx(φt) + τ−x(φt)− 2
[ k−1
2
]∑
i=0
b2i(x)Λ
2i
α φt
) ∗α φt ∗α f](y)dt
t
.
Using the Minkowski’s inequality for integrals and (2.6), we get
‖(Rk(x, fε,δ) +Rk(−x, fε,δ))‖p,α
≤
∫ δ
ε
‖(τx(φt) + τ−x(φt)− 2
[ k−1
2
]∑
i=0
b2i(x)Λ
2i
α φt) ∗α φt ∗α f‖p,α
dt
t
≤ c
∫ δ
ε
‖(τx(φt) + τ−x(φt)− 2
[ k−1
2
]∑
i=0
b2i(x)Λ
2i
α φt)‖1,α‖φt ∗α f‖p,α
dt
t
= c
∫ δ
ε
‖Rk(x, φt) +Rk(−x, φt)‖1,α‖φt ∗α f‖p,αdt
t
. (4.11)
For x, t ∈ (0,+∞), we have
‖Rk(x, φt) +Rk(−x, φt)‖1,α
= ‖τx(φt) + τ−x(φt)− 2
[ k−1
2
]∑
i=0
b2i(x)Λ
2i
α φt‖1,α
=
∫
R
∣∣∣( ∫
R
φt(z)(dγx,y(z) + dγ−x,y(z))
)
− 2
[ k−1
2
]∑
i=0
b2i(x)Λ
2i
α φt(y)
∣∣∣dµα(y)
=
∫
R
∣∣∣( ∫
R
φ
(z
t
)
(dγx,y(z) + dγ−x,y(z))
)
− 2
[ k−1
2
]∑
i=0
b2i
(x
t
)
Λ2iα φ
(y
t
)∣∣∣t−2(α+1)dµα(y) .(4.12)
By (2.2) and the change of variable z′ = z
t
, we have Wα(x, y, z
′t) t2(α+1) = Wα(
x
t
,
y
t
, z′),
which implies that dγx,y(z) = dγ x
t
, y
t
(z′) . Hence from (4.12), we obtain
‖Rk(x, φt) +Rk(−x, φt)‖1,α
=
∫
R
∣∣∣( ∫
R
φ(z′)(dγ x
t
, y
t
(z′) + dγ−x
t
, y
t
(z′))
)
− 2
[ k−1
2
]∑
i=0
b2i
(x
t
)
Λ2iα φ
(y
t
)∣∣t−2(α+1)dµα(y)
=
∫
R
∣∣∣(τx
t
(φ)(
y
t
) + τ−x
t
(φ)(
y
t
)
)
t−2(α+1) − 2( [ k−12 ]∑
i=0
b2i
(x
t
)
Λ2iα φ
)
t
(y)
∣∣∣dµα(y)
=
∥∥∥(τx
t
(φ) + τ−x
t
(φ)− 2
[ k−1
2
]∑
i=0
b2i
(x
t
)
Λ2iα φ
)
t
∥∥∥
1,α
=
∥∥∥τx
t
(φ) + τ−x
t
(φ)− 2
[ k−1
2
]∑
i=0
b2i
(x
t
)
Λ2iα φ
∥∥∥
1,α
=
∥∥∥Rk(x
t
, φ) +Rk(
−x
t
, φ)
∥∥∥
1,α
. (4.13)
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Since φ ∈ S∗(R), then using (2.10) and (3.3), we can assert that∥∥∥Rk(x
t
, φ) +Rk(
−x
t
, φ)
∥∥∥
1,α
≤ c (x
t
)k‖Λkαφ‖1,α ≤ c (xt )k ,
on the other hand, by (3.4) we have∥∥∥Rk(x
t
, φ) +Rk(
−x
t
, φ)
∥∥∥
1,α
≤ c (x
t
)k−1‖Λk−1α φ‖1,α ≤ c (xt )k−1,
then we get, ∥∥∥Rk(x
t
, φ) +Rk(
−x
t
, φ)
∥∥∥
1,α
≤ c min
{(x
t
)k−1
,
(x
t
)k}
. (4.14)
From (4.11), (4.13) and (4.14), we obtain
‖(Rk(x, fε,δ) +Rk(−x, fε,δ))‖p,α ≤ c
∫ δ
ε
min
{(x
t
)k−1
,
(x
t
)k}‖φt ∗α f‖p,αdt
t
. (4.15)
Note that Λ2iα φ ∗α φ ∈ S∗(R). By (2.1) and (2.7), we have∫
R
(Λ2iα φ ∗α φ)(x)|x|2α+1dx = 2α+1Γ(α + 1)Fα(Λ2iα φ ∗α φ)(0)
= 2α+1Γ(α + 1)Fα(Λ2iα φ)(0)Fα(φ)(0)
= 2α+1Γ(α + 1)Fα(Λ2iα φ)(0)
∫
R
φ(z)dµα(z) = 0.
Since Λ2iα φ ∗α φ is in the Schwartz space S(R), we have∫
R
|log|x|| |Λ2iα φ ∗α φ(x)| |x|2α+1dx < +∞.
Then, by Caldero´n’s reproducing formula related to the Dunkl operator (see [9], Theorem
3), we have
lim
ε→0, δ→+∞
Λ2iα fε,δ = c Λ
2i
α f , in L
p(µα) ,
hence from (4.15), we deduce our result.
Theorem 4.2 Let 0 < β < 1, k = 1, 2, ..., 1 < p < +∞ and 1 ≤ q ≤ +∞, then we have
B˜kDp,qβ,α = Ck,β,αp,q ,
and for p = 1, we have only B˜kD1,qβ,α ⊂ Ck,β,α1,q .
Proof. Assume f ∈ B˜kDp,qβ,α for 1 ≤ p < +∞, 1 ≤ q ≤ +∞ and r > β + k − 1.
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• Case q = 1. By (4.5) and Fubini’s theorem, we have∫ +∞
0
‖f ∗α φt‖p,α
tβ+k−1
dt
t
≤ c
∫ +∞
0
∫ +∞
0
min
{(x
t
)2(α+1)
,
( t
x
)r}
ω˜kp,α(x, f)t
−β−kdt
dx
x
≤ c
∫ +∞
0
ω˜kp,α(x, f)
(∫ +∞
0
min
{(x
t
)2(α+1)
,
( t
x
)r}
t−β−kdt
)dx
x
≤ c
∫ +∞
0
ω˜kp,α(x, f)
(
x−r
∫ x
0
tr−β−kdt+ x2(α+1)
∫ +∞
x
t−β−k−2α−2dt
)dx
x
≤ c
∫ +∞
0
ω˜kp,α(x, f)
xβ+k−1
dx
x
< +∞,
hence f ∈ Ck,β,αp,1 .
• Case q = +∞. By (4.5), we have
‖φt ∗α f‖p,α ≤ c
(∫ t
0
(x
t
)2(α+1)
ω˜kp,α(x, f)
dx
x
+
∫ +∞
t
( t
x
)r
ω˜kp,α(x, f)
dx
x
)
≤ c sup
x∈(0,+∞)
ω˜kp,α(x, f)
xβ+k−1
(
t−2(α+1)
∫ t
0
x2α+β+kdx+ tr
∫ +∞
t
xβ+k−r−2dx
)
≤ c tβ+k−1 sup
x∈(0,+∞)
ω˜kp,α(x, f)
xβ+k−1
,
then we deduce that f ∈ Ck,β,αp,∞ .
• Case 1 < q < +∞. By (4.5) again, we have for t > 0
‖φt ∗α f‖p,α
tβ+k−1
≤ c
∫ +∞
0
(x
t
)β+k−1
min
{(x
t
)2(α+1)
,
( t
x
)r} ω˜kp,α(x, f)
xβ+k−1
dx
x
.
Put L(x, t) =
(x
t
)β+k−1
min
{(x
t
)2(α+1)
,
( t
x
)r}
and q′ =
q
q − 1 the conjugate of q. Since∫ +∞
0
L(x, t)
dx
x
= t−β−k−2α−1
∫ t
0
xβ+k+2αdx+ t−β−k+r+1
∫ +∞
t
xβ+k−r−2dx ≤ c,
we can write using Ho¨lder’s inequality,
‖φt ∗α f‖p,α
tβ+k−1
≤ c
∫ +∞
0
(L(x, t))
1
q′
(
(L(x, t))
1
q
ω˜kp,α(x, f)
xβ+k−1
)dx
x
≤ c
(∫ +∞
0
L(x, t)
( ω˜kp,α(x, f)
xβ+k−1
)q dx
x
) 1
q
.
By the fact that∫ +∞
0
L(x, t)
dt
t
= xβ+k−r−1
∫ x
0
t−β−k+rdt+ xβ+k+2α+1
∫ +∞
x
t−β−k−2α−2dt ≤ c,
18 C. Abdelkefi, S. Chabchoub and F. Rached
we get using Fubini’s theorem,∫ +∞
0
(‖φt ∗α f‖p,α
tβ+k−1
)q dt
t
≤ c
∫ +∞
0
( ω˜kp,α(x, f)
xβ+k−1
)q(∫ +∞
0
L(x, t)
dt
t
)dx
x
≤ c
∫ +∞
0
( ω˜kp,α(x, f)
xβ+k−1
)q dx
x
< +∞,
which proves the result.
Assume now f ∈ Ck,β,αp,q for 1 < p < +∞ and 1 ≤ q ≤ +∞.
• Case q = 1. By (4.10) and Fubini’s theorem, we have∫ +∞
0
ω˜αp (f)(x)
xβ+k−1
dx
x
≤ c
∫ +∞
0
∫ +∞
0
min
{(x
t
)k−1
,
(x
t
)k}‖φt ∗α f‖p,αx−β−k dt
t
dx
≤ c
∫ +∞
0
‖φt ∗α f‖p,α
(∫ +∞
0
min
{(x
t
)k−1
,
(x
t
)k}
x−β−kdx
)dt
t
≤ c
∫ +∞
0
‖φt ∗α f‖p,α
( 1
tk
∫ t
0
x−βdx+
1
tk−1
∫ +∞
t
x−β−1dx
)dt
t
≤ c
∫ +∞
0
‖φt ∗α f‖p,α
tβ+k−1
dt
t
< +∞,
then we obtain the result.
• Case q = +∞. By (4.10), we get
ω˜αp (f)(x) ≤ c
( ∫ x
0
(x
t
)k−1‖φt ∗α f‖p,αdt
t
+
∫ +∞
x
(x
t
)k‖φt ∗α f‖p,αdt
t
)
≤ c sup
t∈(0,+∞)
‖φt ∗α f‖p,α
tβ+k−1
(
xk−1
∫ x
0
tβ−1dt+ xk
∫ +∞
x
tβ−2dt
)
≤ c xβ+k−1 sup
t∈(0,+∞)
‖φt ∗α f‖p,α
tβ+k−1
,
so, we deduce that f ∈ B˜kDp,+∞β,α .
• Case 1 < q < +∞. By (4.10) again, we have for x > 0
ω˜αp (f)(x)
xβ+k−1
≤ c
∫ +∞
0
( t
x
)β+k−1
min
{(x
t
)k−1
,
(x
t
)k}‖φt ∗α f‖p,α
tβ+k−1
dt
t
.
Note that ( t
x
)β+k−1
min
{(x
t
)k−1
,
(x
t
)k}
=
( t
x
)β
min
{
1,
x
t
}
.
Put G(x, t) =
( t
x
)β
min
{
1,
x
t
}
. Since
∫ +∞
0
G(x, t)
dt
t
= x−β
∫ x
0
tβ−1dt+ x−β+1
∫ +∞
x
tβ−2dt ≤ c,
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then using Ho¨lder’s inequality, we can write
ω˜αp (f)(x)
xβ+k−1
≤ c
∫ +∞
0
(G(x, t))
1
q′
(
(G(x, t))
1
q
‖φt ∗α f‖p,α
tβ+k−1
)dt
t
≤ c
(∫ +∞
0
G(x, t)
(‖φt ∗α f‖p,α
tβ+k−1
)q dt
t
) 1
q
.
By the fact that ∫ +∞
0
G(x, t)
dx
x
= tβ−1
∫ t
0
x−βdx+ tβ
∫ +∞
t
x−β−1dx ≤ c,
we get using Fubini’s theorem,∫ +∞
0
( ω˜αp (f)(x)
xβ+k−1
)q dx
x
≤ c
∫ +∞
0
(‖φt ∗α f‖p,α
tβ+k−1
)q( ∫ +∞
0
G(x, t)
dx
x
)dt
t
≤ c
∫ +∞
0
(‖φt ∗α f‖p,α
tβ+k−1
)q dt
t
< +∞,
thus the result is established.
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